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Abstract. In this paper are given examples of tori embedded 
in M.^ with aU their principal lines dense. These examples are 
obtained by stereographic projection of deformations of the Clifford 
torus in S'^. 



1. Introduction 

Let a : M ^ S^' be an immersion of class C^,r > 3, of a smooth, 
compact and oriented two-dimensional manifold M into the three di- 
mensional sphere S^, endowed with the canonical inner product < ., . > 
of R\ 

The Fundamental Forms of a at a point p of M are the symmetric 
bilinear forms on TpM defined after Spivak [TU], as follows: 

Ia{p', v,w) = < Da{p; v), Da{p; w) >, 

na{p;v,w) = < -DNa{p; v) , Da{p; w) > . 

Here, is the positive unit normal of the immersion a tangent to 
i.e. < Na, a >= 0. 

In S^, the coefficients of the second fundamental form 11^ in a local 
positive chart (m, v), relative to the normal vector N = a A a„ A a^,, are 
given by: 

det[a,au,av,auu] „ _ det[a,au,av,auv] _ det[a, a^, a^„] 



y/EG - F2 V^G - F2 ^EG - 

Here E =< >, F =< au^oi^ > and G =< a^^a^ > are the 

coefficients of the first fundamental form 1^. 

The eigenvalues of Ha — ula = are called principal curvatures and 
the corresponding eigenspaces are called principal directions. 

Outside the set of umbilic point Ua where the two principal curva- 
tures coincide, the principal directions define two line fields, called the 
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principal line fields of a, which are of class C^^"^. The integral curves of 
the principal line fields on M \ are called principal curvature lines. 

The principal curvature lines can be assembled in two one-dimensional 
orthogonal foliations which will be denoted by J-'i{a) and ^^2(0). The 
triple Va = ^2(«), Wq} is called the principal configuration of 

the immersion a, [5l[7]. 

In a local chart {u, v) the principal directions of an immersion a are 
defined by the implicit differential equation 

{Fg - Gf)dv^ + {Eg - Ge)dudv + {Ef - Fe)du^ = (1) 

A principal line 7 is called recurrent if 7 C ^(7), where L{'~f) = 
0(7) U cc;(7) is the limit set of 7, and it is called dense if ^^(7) = M. 
Recall that a - limit set, a (7), of an oriented leaf 7 is the set of limit 
points of all convergent sequences of the form 7(s„), where s„ tends 
to the positive extreme of definition of the oriented leaf. The same for 
the u - limit set, (^{j), exchanging positive by negative in the previous 
definition. Clearly, -^(7) does not depend on the orientation of the leaf. 

There is a great similarity between the properties of principal lines 
in the cases of surfaces in Euclidean and in Spherical spaces. They 
correspond to each other by means of a stereographic projection which, 
being conformal, preserves the principal lines. 

The study of principal curvature lines on surfaces M immersed in 
and §^ is a classical subject of Differential Geometry. See [1], [2], [10], 

m- 

In the works of Gutierrez and Sotomayor, see [51 El [7] , ideas coming 
from the Qualitative Theory of Differential Equations and Dynamical 
Systems such as Structural Stability, Recurrence (and its elimination) 
and Genericity were introduced into the subject of Principal Curvature 
Lines. 

Other differential equations of Classical Geometry such as asymp- 
totic lines, lines of arithmetic, geometric and harmonic mean curva- 
tures, have been studied in papers by Garcia, Gutierrez and Sotomayor, 
1999, and Garcia and Sotomayor 1997, 2001, 2002, 2003. A unification 
theory for these differential equations was achieved by Garcia and So- 
tomayor, 2004. A recent survey on classical and recent developments 
on principal curvature lines, with updated references, can be found in 

The interest on the study of foliations with recurrent and dense leaves 
goes back to Poincare, Birkhoff, Denjoy, Peixoto, among others. 

Examples of tori embedded in having only one of the two principal 
foliation with dense leaves have been given in [H [6l [7|. 
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In this paper are provided examples of embedded tori in with both 
principal foliations having dense leaves. These examples, established 
in Theorem [2], are obtained as the stereographic projections of special 
deformations of the Clifford torus in These special deformations 
are defined in the proof of Theorem [H See Section [31 

2. Preliminary Calculations 

In this section will be obtained the variational equations of a qua- 
dratic implicit differential equation. The results will be applied in 
Section [31 

Proposition 1. Consider a family of quadratic differential equations, 
depending on a parameter e, of the form 

a{u, V, e)dv'^ + 2h{u, v, e)dudv + c(m, f , e)du^ = 0, 

a{u, V, 0) = c{u, V, 0) = 0, b{u, v,0) = 1 

Let v{u, f 0, e) be a solution of ([2|) with v{u, vq, 0) = vo and u{uq, v, e) 
be a solution of ([2]) withu{uQ, v, 0) = Uq. Then the following variational 
equations hold: 

+ 2v^u = 0, + 2u^^ = 0, 

C,, + 2C^,V, - 2b,C, + 2Vuee = (3) 
Oee + 2aueUe — 2b^ae + 2Uvee = 0. 

Proof. Differentiation of ([2]) written as 

dv dv 
a{u, V, e)(— )^ + 2b{u, v,e)— + c{u, v, e) = 0, v{u, Vq, 0) = fo 
du du 

leads to: 

.,dv,n dv /7 1 \dv ^ 

(a, + a^t;J(— ) +2a— f^„ + 2(6, + &^f J — + 2&t;,„ + c, + c^fe = 0. (4) 
du du du 

Here 

da da d'^a d'^a 



ov oe oeou oeou 

Analogous notation for b = b{u, v{u, vq, e), e), c = c{u, v{u, Vq, e), e) and 
the solution v{u, vq, e). 

Evaluation of equation (|4]) at e = results in: 

Ce + 2Veu = 0. 

Differentiating equation (jlj) and evaluating at e = leads to: 

Cee + 2CveVe + ^b^V^u + 2bVuee = 
Cee + 2c^^Ve - 2beCe + 2Vuee = 
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Similar calculation gives the variational equations for and u^e- 
This ends the proof. □ 



3. Double Recurrence for Principal Lines 

Theorem 1. There are analytic embeddings a : ^ such that all 
leaves of both principal fohations, Ti{a), (i = 1, 2), are dense in T^. 

Proof. Let N{u, t;) = (a A A q;„)/|q; A q;„ A av\{u, v) be the normal 
vector to the Clifford torus C = S^(r) x §^(r) C S^, where S^(r) 
I : ./■. y) e : x'^ + y'^ — r^} and r = \/2/2, parametrized by 



a{u,v) — -— (cos li, sin li, cost;, sin 



We have that, 



Na{u, v) — — costi, — sinti, cosv, sin v). 

Let c{u.,v) — h{u,v)Na{u,v), h being a 27r— double periodic function 
having the symmetry property h{u,v) = h{v,u). 

For e 7^ small consider the one parameter family of embedded tori 
defined by: 

a{u, v) + ec{u, v) 



a [u, V ) 



(6) 



\a(u, v) + ec(u, v)\ 

Let A^ae — A {a^)u A {a^)v be the normal map of a^. 

The coefficients of the first and second fundamental forms of are 
given by: 

l-eh + 2e2(/i2 + hi) - 2e3/i3 + e^h^ 



E[u,v,e 
F{u,v,e 
G{u,v,e 
e{u, V, e 
f{u,v,€ 
g{u,v,€ 



2(l + e2/i2)2 

c huhy 

l + eh + 2e2(fe2 + hi) + 2e3/i3 + e^h^ 
2(l + e2/i2)2 

(1 + eh)[l + e{2huu -h) + e\4hl - 2hKu - h^) + e^h^] 



4(1 + e2/i2)2 



^-h{huhy - hhuv)] 



2(1 + £2/7,2)2 

(1 - eh)[-l + e{2Ky -h) + e2(/i2 - 4.hl + 2hKy) + e^h^] 



4(l + e2/i2)2 

From the expressions above, it is important to record the following 
symmetry relations. 
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E{u,v,e) =E{v,u,e), F{u,v,e) = F{v,u,e),G{u,v,e) = G{v,u,e) 
e{u, V, e) =e(w, u, e), f{u, v, e) = f{v, u, e), g{u, v, e) = g{v, u, e) 

Then the coefficients of the differential equation of principal lines of 
a^, after multiplication by —4(1 + e^/i^)^, are given by: 

L(w, u, e) ={Fg - Gf){u, v, e) = e/i„,„ + e^(2/i/i,„, + 

+ {-2huKhyy + 2hlhuv + Kvh^ + 2huKh)e^ + (2/i„/i„/i^ + 4/i„/i^)e'* 

+ {—h'^huv + 2huhyh'^hvv + Ah^h^h^ — 2h^h^huv)^^ 
+ {-2h^huv + bhuKh'^)e^ + {2h^huK - h^KvW 
M{u, V, e) ==(i;.g - Ge){u, w, e) = 1 + e(/i„„ - hy^) + {2h{Ky + + 3(/i^ + /i^))e2 
+ {^h'^Ky + 6hlh - 2/i2/i„^ + 2hlKu - Qhhl + h^KuV 
+ i-6hlh^ - 2h^ + Shlhl + 6hlh^)e'^ 

+ {h'^Ky - h^huu - Sh^hl - 2h^hlKu + 2h^hlKy + 8h^hl)e^ 
+ {-2h^K, - 2h'^Ku + Ih'^hl + Ih^hDe"^ 
+ {-h!^Ku + h^K, + 2h^hl - 2h^hl)e^ + h^e^ 
N{u, V, e) ={Ef - Fe)(u,v, e) = -e/i„t, + e^(2/i/i„„ + 

+ (2huhyhuu - 2/i^ft.„t, - - huvh^)e' + {2huKh'^ + Ahlhy)e^ 

+ {h^huv - 2huhyh^huu ~ Ah^huK + '2hlh'^hyy)e^ 
+ {-2h^huv + ^huhyh'^)e^ + {-2h^huhy + h'^KyW 

By the equations above and from the symmetry property f ) = 
, u), it follows that 

L(u, w, e) = u, e), M(u, w, e) = M(v^ u, e), v, e) = iV(z;, m, e). (8) 
At e = it follows that 

L{u, V, 0) =0, M(n, V, 0) = 1, A^(n, v, 0) = 0, M,(ii, v, 0) = - 
N^{u,v,0) =-huv, N^viu,v,0) = -huvv, N^e{u,v,0) = 2{2hhuv + KK) 

(9) 

Consider the reflection cr : — defined by a{u^v) = {v,u) and 
the circle £ = M} transversal to both principal foliations 

By equation (IHl) it follows that cr^J^i^a")) = J?-2(a'') and a{J-'2{a'')) = 
that is the diffeomorphism cr : ^ preserves the principal 
configuration of a'^, reversing the order of the foliations. Therefore it 
also conjugates the Poincare ffist return maps (7rQ,£)j : S — ^ E, = 1, 2) 
of the foliations J-'i{a'^). For the basic properties of the rotation number 
see [8] and [9j. 
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In what follows it will be shown that the rotation number of (vraf)^ 
changes monotonically with e, provided it is small. 

By proposition [1] with (a = L, 2b = M, c = N) the variational 
equations of the implicit differential equation 

N{u, V, e) + M{u, v,e)^ + L{u, v, e)i^f = 0, 

with N{u, V, 0) = L{u, v, 0) = 0, M{u, f , 0) = 1 and v{u, vq, 0) = vq are 
given by: 

+ = 0, N,, + 2N,,v, - 2M,N, + 2t;„,, = 0. 

Therefore, 



Jo 

Vuee{u,Vo) =[( / Kvdujhuvv " huv{2h + huu - Kv) - huK]{u,vo) 



Taking h{u, v) = sin^(u + v) it results from the equations above and 
by equation Qj that: 

Ve{u, vo, 0) = sin(2u + 2vo) — sin(2i;o) 

3 7 

Vee{u, Vq, 0) = u — sin(2M + 2vo) H — sin(4'u + 4110) + sin(2-u) 

2 8 

+ sin(2wo) — sin(4t>o + 2u) + - sin(4t>o) 

8 

Therefore it follows that: 

v,{2n, Vq, 0) - v,{0, Vo, 0) =0, v,,{2n, vq, 0) - v,,{0, Vq, 0) = -Stt. 

Consider the Poincare map tcI : {u = 0} —>■ {u = 2tt} relative to the 
principal foliation jFi(a^), defined by vr^(t>o) = v{2TT,VQ,e). Here, the 
circle {u = 0} = {u = 27i} is a leaf of JF2(a). 

Therefore tTq = Id and ttI has the following development: 

T^livo) =vo + -v,,{27i, Vo, 0) + 0(e3) 

Therefore the rotation number of nl changes continuously and mono- 
tonically with e. See chapter 12 of [8] or chapter 5 of [9]. 

The rotation number of vr^ is irrational if and only if that of {iTa^)i 
is irrational. 
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Therefore we can take a small eo 7^ such that the rotation numbers 
of (7r""())j : S — > E, i = 1, 2 are both irrational. For a = a^g all leaves 
of both principal foliations are dense in T^. This ends the proof. □ 

Theorem 2. There are analytic embeddings /5 : M'^ such that 

all leaves of both principal foliations, {i = 1, 2), are dense in T^. 

See Figure [H 




Figure 1. Stereographic projection of the Clifford 
torus q;° (left) and of its deformation for e = | (right) 

Proof. Take the stereographic projection 11 : \ {A^} — M^, ^ 
a^(T^), of the example given in Theorem [1] and define f3 = Ho a"^. As 
n is a conformal map the principal lines of /3 are the images by 11 of 
the principal lines of a^. □ 

4. Concluding Comments 

In this paper it was shown that there exist embeddings of the torus 
in §^ and M.^ with both principal foliations having all their leaves dense. 

The technique used here is based on the second order perturbation 
of differential equations. 

It is worth mentioning that the consideration of only the first order 
variational equation, see Proposition [H was technically insufficient to 
achieve the results of this paper. The same can be said for the tech- 
nique of local bumpy perturbations used to deform immersions in [SlEj, 
leading to examples with one of the two principal foliations with dense 
leaves. 
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